Continuity in R"
Definition Continuity: U C R”, f : U —
R™.

1. xg € U. f continuous at xg if Ve > 0,
30 > 0,Ve € U:
|z = 2ol| <0 =[|f(z) — flzo)l| <e
2. f continuous on U if cont. Vg € U
Definition Convergence: (xk)ken, zr € R™.
Tk = (Th,15 s Thyn)

= (y1,.-,Yn) € R™. (x}) converges to y
(k—>+oo)1fV6>0 AN >1,Vn> N

e —yll <e

we usually write lim,, o, z, = ¥.
Lemma: (xj) converges to y <=

o Vi, 1 <i <n:(xx,) converges to y;.
e ||z} — yl| converges to 0 (k — +00).

To disprove continuity:
Lemma: U C R”, f : U — R™. 2y € U.
f continuous at zp < V(zi)k>1 in U with

limk_M,o T = 2o, (f(:rk))k>1 in R™ con-
verges to f(mo) (hmxnoo fzr) = f(zg))
Lemma: U C R*,V C R™", 1 < p e N.

f:U—=V,g:V — RP continuous = g o f
continuous.

Proof. Composition with last Lemma. O

. %jmx_mo(]f(x)Jr i + g(x{)) —
Mgz Mgz €z
e lim f(x gé )> g im g(z)

Definition Function Convergence: U C R",
f:U—=>R" 2g€ U,y € R". f has
limit y (x — xg, © # x9) if Ve > 0, 35 > 0,
Ve e U,z # x9

= lim f(z

[ = ol| <0 =f(x) =yl <e

We write lim =0 f(z) =y. f(x) has no im-

pact on lime—ao f(x).
xz#x(Q

Lemma Continuity & Convergence: U C

R™ f:U — R™. x9 € U. f continuous at

wo & limeowo f(2) = f(wo)

Lemma Function & Sequence Convergence:

UCR" f:U—=R™ z€U,yeR™

limw;mco flz) = y & V(zg) — zo in U,
€T 1‘0

x # o, (f(xr)) in R™ converges to y.

Disprove continuity/convergence with se-
quence. Prove directly and using compari-
son if difficult.

Intervals
Definition:
1. U C R" bounded if ||z, z € U is
bounded in R.
2.U C R" closed if V(mk) in U
gflmk—m r,=yeR")y
3. R" compact if bounded and closed
4. U C R"openif Vo = (21, ...,x,) € U,
36 > 0 such that
Lemma: U C R" open < cplmnt. closed.
R & @ closed & open

Lemma: f : R® — R™ continuous. Then:

1. U CR™ open = f~}(U) CR” open
2.U C R™ closed = f~1(U) C R"
closed

Proof. U closed. (z;) — y € R"in f~1(U).
Continuity of f: f(y) = f(limgoo k) =

limysoo f(z) ¥ 22 limy o0 flax) € U =
).

fpeU=yef!
(1) <= (2) O

Considering images preserves compactness:

: U C R” non-empty compact set,
f : U — R continuous = f bounded and
achieves maximum&minimum/dz,z_ € U

flz-) =

is differentiable at t = x0; (f1,f2, .-, fm
component-wise). Derivative at zo; ¢'(z0;)
is denoted

0
o )

= Ou, f(w0) = 0if (w0)

f has partial derivative on U with respect to -
th variable, if differentiable on U with respect
to the ¢-th variable V valid z( € U.

Ve e U,30,,f = Oy, f(x) : U —- R"™ = 3

82f

ajif = = fzjzz

Lemma 0 Rules: U C R" open, f,g: U —
R™ 1 <i<n,f,ghavei-th 0

° O; 8 8
on:; Sf—’—g f+ §g+f8§
onEUg()#Oéa(g):
3i(f)g;fai(9)
g

Definition Jacobian: U C R™ f: U — R™
has partial derivatives on U at x € U:

Jp(@) = (O, fi(7))1<i<m

1<j<n

is the Jacobi matrix of f at x.
Definition Gradient: U C R" open, f : U —
R, all partial derivatives exist at xo € U:

82171.](.(370)
Vi(xg) = = gradf(zo) =

8x" f(xo)
is the gradient of f at x.

Definition Divergence: U C R", f : U —
R™,all J exist at zg € U. Dlvergence of fatxg

Ty ) =su T inf f(x
f(z4) xegf( ) erf( ) (Jf $0 Zaxzfz 70 —lef(Io)
=1
Partial Derivatives
Definition Partial Derivatives: U C R” The Differential

openset. f:U — R™ 1 <i<mn f
has partial derivative on U with respect to

i-th variable at xy = (291, ...,20,n) € U if
g(t) = f(xo,h"'7x0,i—17t7x0,i+17-~'7x0,n)
defined on [ = {t €
R‘(.ﬁbg’h ...,£U07Z'_1,t, L0,i+1, ...,x‘om) € U}

Definition Differential: U C R™ open, [ :
U— R™ u:R" — R™ linear map, zg € U
f differentiable at xy with differential u if

1

[ = ol

lim (/@) ~ f(0)
()

—u(x —x0)) =

Denote df (xg) = D f(zo) = u.

f differentiable at every x¢p € U = f differ-
entiable on U.

df(xg) = A < f has "Dreiecksentwick-
lung”/”’Dreigliedentwicklung”

f@) = f(zo) + Az — o) + o ([|lz — o))

f differentiable at xq < all f; : U — R dif-
ferentiable at x.
Use this to show sth. is (not) differentiable:
Lemma: U C R" open, f : U — R™. f has
all partial derivatives. partial derivatives of f
are continuous on U = f differentiable on U.
df (zo) (canonical basis of R", R™) is Jacobi
matrix of f at z.
all O continuous = f cont. differentiable
Lemma: U C R" open, f : U — R™ differ-
entiable on U.

e fis continuous on U

e f admits partial derivatives on X with

respect to each variable.

e df(x) in stand. basis is Jacobi matrix
Lemma: U C R" open, f,g : U — R™ dif-
ferentiable on U.

o f+ g dlfferentlable d(f+g) = df +dg

o m= is 1 ferentia 1 .

.m_lg:ﬂ Vo e U= f/g dif-
ferentiable.

Lemma Chain Rule: U C R" open, V' C R™
open, f : U — V diftbar, g : V — RP diftbar
= go f:U — RPdifftbaron U -Vz € U:

d(g o f)(zo) = dg(f (o)) o df (o)
Jgof(xo) = Jg(f(mo))Jf(xo)

J(20)lLemma Produce Rule: f,g:R" — R

Vig(z0) = Vi(20)g9(0) + Vg(20) f(20)

h : R* — R2%2 h(z) = (f(z),9(x)) and
m:R? — R, m(u,v) =u-v

Definition Tangent Space: U C R"™ open,
f U — R™ differentiable. x9 € U,
u = df (xo).Graph of affine linear approximat.

g(z) = f(zo) +u(xr — x0)
{(z,y) € R* x R™|y = f(x0) + u(x — x0)}

tangent space at z to the graph of f.
Definition Directional Derivative: U C R”
open, f: U - R™ 0#£v e R, zg€U.

f has directional derivative w € R™ in direc-
tionv,if g : {t € Rlxg +tv € U} - R™

g(t) = f(xo + tv)



has derivative w at ¢t = 0.

O (0)

e R™

va(l’o) = Jg(O) =

atgnim(o)

For partial derivatives: 0., f(x¢) = De, f (o)
Lemma: U C R" open, f : U — R™ diffbar.
Ve e U,0# v eR™ D,f(xg) = df(a:o)( ).

v+wf(x0) vf($0) + Dy f(2
h:R" — Rm cont. diffbar. < all dlrectlonal

Higher Derivatives

Definition: U C R” open, f : U — R™.

- f is of class C! if f is diffbar and all
its Os cont. (continuously differentiable).
CY(U,R™): C* functions from U to R™.

-k > 2. fis of class O if f is diffbar
and all 0,,f : U — R™ are of class C*~1.
C*(U,R™): C* functions from U to R™.

- f € CKU,R™), VkE > 1 = fis of class
C>. C®(U,R™): C* functiosn from U to
R™

_00 > Ok D .

C* closed under +/-/concatentionation — vec-
tor space

Definition Multi-dim. Polynomials: Mono-
mial: \z{'z5?..2% X € Rya; € {0,1,2,...}.
Degree of monomial: a; + as + ... + .
Polynomial: Sum of Monomials

Definition Hessian: U C R" open, f : U —
R is C2. o € U: Hessian matrix of f at x:

Hessg(xg) = Hy(xg) = (8%895]]”(350)) isign

symmetric and square.

Lemma: £k > 2. U C R"open, f : U — R™
is C*. Os order k independent of the order in
which the partial derivatives are taken

8x,yf = ay,acf

Landau Symbol - little o notation
Definition: U C R", g : U — R,xg € U
o(g): setof f: U — R with

- o(z%) + o(x?) = o(a™ir{ebh)

-o(z%) - o(z?) = o(z**?)

- 2o O(ZL“b) — 0(:Ua+b)

- P =o(||z||F) if deg P > k

-o(P) = of||z||*) if deg P > k

- Poo([lz*) = o||z|/* ey

Helpful to combine Taylor Polynomials.
Taylor Polynomials

k
@) ="+ 9D (o) (@ - a0)t + (o

=0/’

Definition Taylorpolynomials: 1 < k € N.
f:U — Ris C*. k-th Taylor polynomial of
fatzg e Uis:

1
Te(f) = malme!l ml
ki(f) - ;n>0 ml'mz'mn'
m1+‘ :"m'n<k
OOy o f(wo) YLy

(polynomial in n variables of degree < k)
Abbreviated notation (m representative for
my, ..., M, and its respective enumerations)

S L0 (o) — ao)"

Im|<k

T f(x) =

Ty f(x) only polynomial with deg P < k and

O™ . O P(xg) = O ... 85 f(wo)
for all mq, ..., m, mitm; + ... + m,, < k.
Theorem Taylor Approximation: 1 < k €

N. U Cc R"open, f: U = Ris C*. 29 € U:
f(@) =Ty f(z0)(x — 20) + Erf(x0)
f(a) = T f (x)(x — w0) + o ly[|*)

Taf(zo)(x — x0) = f(w0) + (V(0),
39" Hy(wo)y

y) +

Critical Points
Definition Extrema: U C R"

xo € U is called...

T U SR

e local minimum if some ¢ > 0 exists so

that ||z — zo|| < e,2 € U = f(xp) <
T

° o(cal maximum if some € > 0 exists so

that ||z — zo|| < e,2 € U = f(xo) >
f(z

— z0[")

e Jlocal extremum if z( is a local minimum
or a local maximum.
e global minimum if for all z € U :

f(xo) < f(x)
e global maximum if for all z € U :
f(zo) 2 g(x) L
e global extremum if z is a global mini-
mum or a global maximum

Definition Critial Point: U C R” open,
f: U — Rdiffbar. zy € U with V f(x¢) =0
is a critical point of f.

Definition Saddle Point: A saddle point is a
critical point, which is not a an extremum.
Lemma: U C R” open, f : U — R diftbar.
xo € U is local extremum = xq is critical
point.

Understand through Taylor Polynomial.

In ID: 2nd derivative may imply local
min/max. In mult. dim.: y" H(z0)y as 2nd.
Definition: m x n matrix A is called

- positiv definite < Vy # 0: y " Ay > 0

- negative definite < Vy # 0: y T Ay < 0

- indefinite < Jy, 2,y Ay > 0& 2" Az < 0
Theorem: U C R" open, f : U — Ris C%
xg critical point. Then:

e H¢(xo) positive definite = z is a local
minimum

e Hy(xo) negative definite = z is a local
maximum

e Hy(xg) indefinite = x( not a local ex-
tremum, but a saddle point

H is symmetric = H is diagonalizable.

- Hy positive definite <> all EV are positive

- Hy negative definite <> all EV are negative

- Hy indefinite < at least one positive and at

least one negative EV

Definition: U C R" open, f : U — R is C2.

Critical point z( of f is called

- degenerate if det Hy(zo) =0

- non-degenerate if det Hy(zo) # 0

Hy(xg) # O/mon-degenerate = p.d./n.d./i.d.

For critical points, even degenerate ones:

- Hy has positive EV = not a local maximum

- H has negative EV = not a local minimum

Theorem Sylvesters Criteria:  Symmetric

AcR"ps.e Vi, 1 <i<n:detA;,; >0
Lagrange Multipliers

Goal: Find extrema of function on root root

set of other function.

Idea 1: Parameterize root set—new function

Lemma: U C R” open, f,g : U — R are
C'. 2y € U local extremum of f restricted to
Y = {z € Ulg(xz) = 0}/local extremum of
flg-1(0) = either
-Vg(z) =0, or

- 3\ € R such that {Vf(mo) = AVg(wo)
9(z0) =0
The Inverse and Implicit Function Theorems

Definition Change of Variable: U C R”
open, f : U — R™ diffbar vector field. xg €
U. fisa change of variable around/”’lokal in-
vertierbar bei” xg if:

J open set B, g € B, f(B) C R" open,
andEIdlffbarg f(B) = B with fog =

’idf(B),g o f — idB.
Theorem Inverse Function Theorem: U C
R"™ open, f : U — R” diffbar. If 329 € U

with det (J¢(xp)) # 0 = f is a change of
variable around/”’lokal invertierbar bei” x.

Jy(f(x0)) = Jp(x0) ™!

g local inverse. f is C* = gis C* too.
local c.0.v. everywhere 7 globally invertible!

Example: U = {(r,0) € R’r >
0} open, f : U — R% f(r,0) =
(rcos@,rsin®). Locally invertible with

g(z,y) — E/x2+y arctan(¥ )} Not global



Definition: I = [a,b] C R closed, bounded.
f(@t) = (fi(t), ..., fu(t)) continuous I — R”

b
[ eyt =
Line Integrals

R™ — R"™ functions. Line integral: integrat-
ing functions while walking along path
Definition Parameterized Curve: in R" is
continuous map 7 : [a,b] — R™: is piecewise
C' /3k > 1 and partition

(ff ftydt, ..., 7 fn(t)dt) e R"

a=tg <t < <t <tpr=0b

fonltj_y,t;[is Clfor1 < j < k.
Definition Line Integral: ~ : [a,b] — R" pa-
rameterized curve. U C R" subset containing

image of v, f : U — R" cont. Line integral
of f along ~:

o= et

[ fgdt= [ fdt+ [ gdt
- [P fdt + [ fdt = [€ fdt
- [E fdt = — [P fdt

Definition Oriented Reparameterization: -y :
[a,b] — R™ parameterized curve. Oriented
reparameterization (“orientierte Umparame-
terisierung”) of : parameterized curve o :
[C,d] - R0 =700, ¢: [Cvd] - [aab]
cont. map, diffbar on |c, d[, strictly increas-
ing, ¢(c) = a, ¢(d) = b. ¢ is bijective.

Image of o.r.s identical. v also o.r. of o.

Lemma: ~ parameterized curve in R", o ori-
ented reparameterization. U set containing
image of v/o, f : U — R" cont. function:

[Yf(s)-ds:/af(s) ds

t)dt € R

Proof.

[ 16)-as= | ) A (e

substitution with ¢t = ¢(u)

71 (b)
= [, 00w - (66 (wdu

= [ #ot) -t = [ 1) -ds

v, 0 param. curve - same but opp. directions

o= [ 10

Definition Conservative Vector Field: U C
R™ f : U — R" cont.. Va1, 29 € U, «
param. curve from x; to xo the line integral
identical = f is conservative.

Lemma: C' g: U = R, f =V, = f cons.

Proof.
)-ds= [ V(o)

/7f<s
b d

= [ astoaneana = [ %oy

O

)dt

[

Definition Closed Curve: v(a) = v(b) = v
closed curve. Write ¢, for [ .
Lemma: f cons. & ¢ f(s) ds =0.
Proof. = trivial
=75 [a,bg — R"
v(a) = 7(a),(b) = 7(b)

() = v(a+ (b —a)t), 0<t<1
T Fla+b—a)2-1), 1<t<2

Cons. vector fields are combinable.
Definition path-connected: U C R” is

“wegzusammenhingend”/path-connected <
Ve,y € U,3 curve v from z to vy,
I mage(’y) CU.

: U C R" open, f cons. v.f. = 3ct

functiongon U, f = V.
If U path-cnnct. = g unique up to addition of
a constant. Unique g is called potential of f.
Construct g: Choose arbitrary x¢ € U:

g(x) =

Yz

[f(s) - ds

Alternative: Integrate coordinates of f, main-
tain A (y, z) or similar for unknown variables

Lemma Necessary for conservative: U C
R" open, f : U — R™is C'. Write f(z) =

(fi(x),..., fu(z)). f conservative =
ofi  0f; o,
= < <
oxj Oz’ Visifjsn

Definition star-shaped: U C R"™ is start
shaped/’sternformig”:= Jzy € U,Vz € U:
line segment joining x( to x is contained in
U. Then: U is star-shaped around z.
Sufficient but not necessary:

: U C R"s.-s.,, open. f is Ct vf.
oy g—Q,VI <i1#j<n= fiscons.
Definition curl: U C R3 open, f : U — R3
is C'*. Curl (continuous):

%:

yf3 - a f2
curl(f) = <g ]}1 f)
— 0

curl f =0 <= J; symmetric

The Riemann Integral in R"”
U C R” compact, f : U — R continuous.
Properties

Definition Compatibility: n = 1,U =

la, b, a < b: [, f(x)de = [} f(z)dx
Definition Linearity: f, g cont., a,b € R

g(z)dz

Definition Positivity: f < g

/Uf(:v)d:vg/Ug(a:)d:C

Definition Follows from Positivity:

;Ammm
gémmm+ﬁmmm

Definition Volume: f = 1. volume of U
:= [y f(x)dx - generally: volume of

x)dx

(f(z) + 9(z))dz

{(.’E,y) cU x R’O <y< f(x)} C RnH1

volume of U: vol(U) = Vol(U) = vol,(U)

ny,ng > 1,
n =ny + ne. r1 € R™: compact V, U;:

V(r1) = {xg € R™|(21,72) € U} CR™
U = {371 S Rn1|V(I1) #* @} CR™

& /Uf(z:l,xg)dx = /U1 g(x1)dx
= / </ f(xl,xg)dx2> d$1
U, V(1)

Definition Domain Additivity: U, Us C R"
compact, f : Uy UUs — R continuous

/UluUz fz)dx = /lh f(z)dx + ., f(x)da

_/Ung f(z)dz

More
Definition parameterized m-set: 1 < m < n.
parameterized m-set in R™ is continuous map

ffar, by] X -+ X [am, by — R”

ct on Jay, by[X -+ X]am, bpy]



Definition Neglibibility: B C R™ negligi-
ble/’vernachléssigbar’ if: 3 £k > 0 and pa-
rameterized my-sets f; : U; — R™, with
1 <7 < k and m; < n such that

UC fi(U)U---U fe(Uy)

Lemma: U C R" compact,negligible. f cont.

| f@)da =

Improper Integrals
Consider only special improper integral in xD.
Definition: / C R compact interval, a € R,
f :[a,00) x I — R continuous.

/ f(@,y)dedy = lim / F (o, y)drdy
[a,00)x I b=20 Jiab)x 1

(if exists)
Fubini = [(x) only if inner integral 3&cont.]

/[am)xjf(x,y)dxdy = /aoo/lf(x,y)dydx

O[] raysay

Definition: If limes on right side 3:

lim
R—o0

[, Flay)dady = (w y)dady

[-R.RJ?

~ lim / e y)dardy = / B / " (e y)dedy
R—roo Br(0) —o0 J —o0
=/ / f(z,y)dydx

Ifl < g, I C
R

[a,00),a €

if 3
/ g(ﬂc,y)dfvdyor/ g(x,y)dxdy
JxI R2

=3

/ f(x,y)dxdyor/ f(z,y)dzdy
IxI R?

Lemma Comparison: R

bounded interval, J =

Change of Variable

f cont., g is C! on (a,b), g cont. on [a, b]

g(b)
oo [t |
g(a)

Theorem Change of Variable Formula:

/ﬁf(w(w))

holds if:

f(y)dy

- |det J, («)]da = /Vf(y)dy

o Uis compact and U=UUB,U open,
B negligible (understand B as the edge
and U as the ’content’ of U)

e Viscompactand V =V U C, V open,
C negligible (understand C' as the edge
and V as the *content’ of V)

e ¢ : U — V is continuous and C' on U
e o(U) =V, p: U — V is bijective
(must not be bijective on the border B)

e Some continuous function U — R ex-

ists, which equals |det .J,,| if constrained
to U.

|det J,(z)| represents intgral change under .
Polar Coordinates

¢ : [0, R] x [-m, 7| — Bgr(0),
o(r,0) = (rcos O, rsin O)
cos® —rsin®

Jo(r, 0) = (sin@ rcos @ )

= det |J,(r,0)| = |rcos’ O +rsin O] =r

= "dxdy = rdrd®”
3D Polar Coordinates

¢€:[0,R] x [0,27] x [0,7]
rsin ¢ cos ©
E(r,0,p) = (T‘ sin p sin 8)

T COS

- z-axis to the top

(@ rot. around z, = 0 <+ x-axis, clock-wise)
(¢ deviation from 2)

- z-axis to the right

- y-axis to the front

1.
Je(r, 0, ) = I:=[% e dx, J = Jr2 eV dady
(sincpcos@ —rsinpsin©® rcosy cos @
sinpsin®  rsingpcos®  rcossin @) L —z?—y?
Cos 0 —rsing J = Rh_r}réo Br(0) € dzdy

= |det Jeg(r, 0, ¢)| =

|r?(— sin® p cos? © — sin @ cos? psin® O

R ,m 5
= lim / / e " rdedr
R—o0 Jo -

— sin’ psin® ©) = lim 27 /R re™" dr
0

— sin ¢ cos? p cos® O

= |r?(—sin® p — sin g cos® )| = | — r?sin | R—yoo
, [ 12"
= lim 27 |—=e
= "dadydz = r? sin @drdOdy” R—eo 2 0
. 1 2 1 ]. _R2
Geometric Applications I vl T
Definition center of Gravity: U C R" —
compact with positive volume. Center of

mass/grav1ty (barycenter) of UisT € R",

= (Z1,...,Ty) with
J = lim / / -y’ dxdy
_ 1 / p R—o00
Ti = —F < Tr;ax
vol(U) Ju T [ / —xde] dy
" Rsoo R R
Theorem Surface Area: let f : [a,b] X " R
[c,d] — Rbe C' on (a,b) x (c,d) — R _ s / —2 g\ . / v
Let I' = {(z,y,2) € R*: (z,) € [l x  moeo\Jn' ) \Ja" ¥
[e,d],z = f(x,y)} C R? be the graph of f. R 2
Intuitively, this is a surface, and it should have — lim / e de
an area. This is in fact given by R—oo \ J_R

R 2
= < lim / e ” dx)
R—oo J_R

— J?

/ab/cd\/l""(azf(x’y))Q_’_

Such a result also holds for the graphs of func-
tions defined on other sets, such as discs, pro-
vided they are C'! in the “interior” of the do-
main.

Theorem Graph Length:

For the length of the graph of a function f :
[a,b] — R we have

/b, 1+ fi(2)2de

For length as motion in space of ¢ : R —
Rtyplcaly >1 . f |¢/ ‘dt

(Oy f(,y))?dxdy

[Important Integrals



Funktion f unbekannte - f, f’, ... in Formel
ODE: f hat einen Parameter - PDE: mehrere

Definition gewohnliche Differentialgleichun-
gen: G(y,y,...,y*™, x) =0,k > 1. y Funk-
tion in einer Variablen x. k: Ordnung.

Losung: f : I — R mit
G(f(x), f'(x), ... [P (2),2) = 0,Vz € I.

Y =g(x)=y=Gx) = [g(x)d.
Definition Anfangswertproblem: Ordnung &

und y(zo) = yo, y'(x0) = 1. -~-7y(k_1)($0) =
yr—1 bekannt.

Even ODE defined on R, may only solvable
on subset.

Separation of Variable ODE ¢/ = @b(z),
a, b continuous, a(y) # 0:

y = ﬁb(x) & ay) -y = bx)

= /b(az)daz+c,c€ R
B(z) +c

i
N
S
= &
I

o (@o,% €
R). F : R? — R continuously differentiable
near (zg,yo). Let. ODE ¢ = F(z,y) has
unique solution f defined on a "largest” open
interval I containing z such that f(zg) = yo.
Le., an initial value problem y' = F(y,xz)
with y(z9) = yo with F' being continuously
differentiable has exactly one maximum solu-
tion.

’Maximum’: All other solutions g : J — R:
JCI fly=g.

Reduce ODE Order from > 2 F(z) =

fo(z)
fl(x) (@) = firi(@), fo=v.
fr—1(z)
é(ﬂv)
L0 |=re
fi-1(2)
0 1 0 0 0 fO(x)
- 0 0 1 0 0 fl(x)
ODE fk—:l(-r)

Linear Differential Equations
Definition Linear Differential Equations:
I C R an open interval, & > 1 integer.
An homogenous linear ordinary differen-
tial equation of order % on I:

y® +ap_y* Y 4+t ay +agy =0

ag, ---, ax—1 complex-valued functions on /.

y® +ap1y* Y + Lty Fagy =b

b : I — C, is an inhomogenous linear ODE,
associated homogenous equation b = 0.
Solution is k-times differentiable function f :
I — Cwith f®(2) + ap_1 fE V() + ... +
a(@)f(z) = blz), Yo & I (f(z) =
(Ref(x))" +i(Imf(x))").
LEADING COEFFICIENT 1!

: I C Ropeninterval, &k > 1

y® +ap_1y* Y + L+ ay +agy =0
be a linear ODE, continuous coefficients.

1. Set S of k-times differentiable solutions
f I — Ciscomplex vector space, sub-
space of complex-valued functions on /.

a; real-valued: Set S real-valued
solutions is real vector space, subspace
of space of real-valued functions on /.

2. dim S = k, and for any zy € I, any

(Y0, -, yk—1) € CF: unique f € S with

F(@0) = yo. f'(w0) = 1, .o, fE V) (20) =

a; real-valued: dim S = k, and for
any rg € I, any (yo,...,yx—1) € RF:
unique real-valued f:

Step 3 of Solution Strategy.Use initial values

Linear ODEs with Constant Coefficients
Same solution strategy

_ (k) (k—1) _
F(@0) = o, f'(x0) = 1, oo, fE V(o) = gy ¥ T W-1Y totagy =0

3. b continuous on /. 3 solution fy for

y®) 4 ap_y®* Y 4+ 4+ a1y + agy = b Characteristic polynomial P(t) =

solutions S, = {f+ fo|f € S}, fo solut.
4. 29 € I,(yo, ., yr—1) € CF:uniquef € Sy

F(@0) = yo, f'(@0) =y, oo fEV () =

b, a; real-valued = d real-valued solution

If f1, f2 solutions of homogenous linear ODE
= f =21f1 + 22f2, 21, 22 € C solutions too.
Definition Superposition (Superposition-
sprinzip):  f1, fo solve inhom. linear ODE
(right-hand sides by, bs) = f1 + f2 solves the
inhom. linear ODE (right-hand side by + bs)

Solution Strategy Initial Value Problem

1. Find basis fi, ... f, of the hom. ODE.

2. Find solution fj of the inhom. ODE
(’Partikuldrlosung”).  General solu-
tion: fo + Z?:l )\jfj, )\j eC

3. Solve LSE of general solution with
initial values for Ay, ..., A\x (unique)

Linear ODEs of Order 1
v+ ay = b - a,b continuous on /.
Step 1 of Solution Strategy.
: Solution has form

f(z) = zexp(—A(x)) = ze—A)

A primitive of a, z € C. f(z9) = yo: unique.

F(x) = yo exp(A(zo) — A(z)) = yoe @) =A@)

Proof. Jxg, f(xg) = 0 = f = 0 is solution
(only as unique by Picard)
Else: separation of variable (I

Step 2 of Solution Strategy. Guess. Other-
wise: “Variation of the constant” - make z a
variable: f(x) = z(x)e 4@

Y +ay=b= f(2)+a(x)f(z) =b(x)
ﬁ_{(m)e*Am =b(z) & 2 (z) = eADb(x)

ag, ...,ax—1 € C,b: I - C

Step 1 of Solution Strategy.
th +
ap_1t* "1 + ... + ag. o root = €** solution

: P no roots with multiplicity =
{e**|a € C, P(a) = 0} is basis of solution
space

PFodf. k unique o = k lin. indep. func. [

P roots aj, ..., oy, multiplicities
v1, ..., v > 1 = basis of solution space:

{a7e™*|i € {1,...,1},5 € {0,...,v; — 1}

Proof. (zea:‘)(i) = alze® 4 iai e
in ODE — sums with factor P*) (), are = 0
from multiplicity of « O

Can make complex basis real if a; € R. o, @
roots. Replace e**, e** with

e = P = P (cos(vyx) + isin(yz))
0T — eﬁx(COS(’Yl’) — iSiD(’Yﬂ?))

= basis:{e’” cos(yx), 7 sin(yz)}

Step 2 of Solution Strategy. Guess. Or use
those ’tricks’:

e Superposition Principle

folgo sol. with right-hand side b/c =

Mo + sol. with r.-h. side \b + uc
° N[f(:)thog g%f Underdetermined Co%fﬁ—

cients. Idea: f similar to b.

b(z) = z%*. Solution: Q(z)e’?,
@ polynomial, deg ) < d + v (v multi-
plicity of 3 as root of P)

b(x) = a%cos(Bx) or b(z) =
r?sin(Bz). Solution: Qy(z)cos(Bz) +
Q2sin(Bx),  Q1,Q2  polynomials,

deg Q1,deg Q2 < d + v (v multiplicity
of i as root of P)

1. ODE = Q(x)...(approx.), 2. solve fac-
tors of approx. by comparing coefficients



Variation of Constants
(complex b, non-constant coefficients)

y®) +ap_y* Y+ ay +agy =b

(fi, -
flz) =z1(2) fi(x) + ... + zi(2) f;

, fx) basis of hom. sys.

()

E\T

(0 1() + o+ 2 fy(w) = 0

A + o+ A ) = 0
A @) + ot @) = 0

= k equations for z;,7 € [k]

Insert f into ODE, solve system after simpli-
fication as f; are sol. of hom. sys.
Example: v + a1y’ + apy = b

{ folw) = z1(x) fu(x) + 22(2) fo(2) }
#Af1(x) + 2 fa(x) = 0

derive for use in ODE
—

{ 4 /fé N Zlf/{/+ Z%fé/ 4 }
fo =21+ /1 + 250+ 22/
insert into ODE
—

Afi +afi +afs+ zf) Fainf]
tar122fy + apz1f1 + agzafo = b

f1 and f2 solutions of ODE can factor out z1 and z2 to get:

Afl+24f=0b

:>y—tan( )+

° _
y cos2
—z

iI 8 = c1e® + e
armonlc scillator: y(x) vertical devi-
ation, my” = —ky — by

trigonometrische Funktionen

. L 00 (_1)n22n+1 - 23 25
SIHZ.—Zm:()WfZ_?"‘y_
z7+

" R o) (71)n22n =1 22 | 24 28
cosz =y ool T -yt TGt

konvergiert absolut Vz € C (Quotientenkrit-
terium), p = 00
: sin, cos € R¥ sind stetig

1. exp(iz) =cosz+isinz,Vz € C

2. cosz = cos(—z)&sin(—z) =
—sin z, Vz eC _ _
iz —iz 1z —1z
3.8inz = “=¢" cosy = &t

21 2
4. sin(z + w) = sin z cos w + cos z sin w

cosgz + w) = cos z cosw — sin z sin w
5. cos’z+sin?z=1,Vz € C

Corollary 3.8.3: sin(2z)
cos(2z) = cos? z — sin® z
Corollary: cos® z = Z CcoST + 7
sin®z = 2sinx — 1 sin(3z)
Useful:

sin?z =

COS2 xr =

= 2sinzcosz &

1 cos(3z)

N[N}

(1 — cos(2z))
(1 + cos(22))

wichtige Konvergenzen
Grenzwerte

o |—N—

L 5 0 (direkt von Definition)

— — 0 (Vergleichsprinzip)
T — 0 (Vergleichsprinzip)
-1 — 0 (Vergleichsprinzip)

cos(...) — O(\COS( ) <D
ntd 41

hmnaq" *OO < q < 1l,a € Z (fal-

lend + Methode "Grenzwert monotoner

Folgen”)

e a4 = Capy = %(an + é) kon-
vergiert /c (fallend + Methode ”Gren-
zwert monotoner Folgen”)

e lim, ..xn% " =0(@€eZ,0<qg<1)
monoton fallend fiir groB3 genug n, nach
unten beschrinkt, Weierstrass

o lim, .o /n=1

n > 1von (b" —a" )

" 2a+...) & lim

(b—a)(bmt +

(1+e)" =0

ea; = ¢ > lyap = %(an—kin):

lima, =+/c
Da monoton fallend, >0 & Weierstrass
o lim, ,oo VZ2+5 — =z

(Va2+5—2z)(Vz?+5+x)

lim R =
: 45—z __ 5 _
lim s = lim Tt 0
Reihen
o limy, oo D1y (konvergiert nach

Cauchy Corollary), =

alternativ Verglelch zu Z =Dk 1) =

" L konvergiert, Grenzwert ?

hd a'fl - 1=1 n
z 173 —> o0

° Z = = oo (increasing + Cauchy (not
bound))

® n2 %

- S0 = 1q,|q| < lqeC@n=
1= q — L‘ —0)

e > (

e > (- 1)’“rl L konvergiert, aber nicht ab-
solu

° 2= divergiert (Quotientenkriterium)

° Eq konvergiert |¢| < 1, divergiert > 1
(Quotientenkriterium, besonders fiir =
D

> 4 konverglert

- Y a, konvergiert, a, = xgo + ...
Tp = Gp — Gp_1 — 0
- >y = Y (Topt1 + Tango + Tapya) falls
>~ x, absolut konvergiert

- > x, konvergiert (nicht absolut). Vm € R,

Bijektion j : N — N existiert ) (= 1)(]12? -
m

Doppelte Summation Vertauschung von In-

+ xn’

dex

- funktioniert bei 4y, = (5 + )"

- funktioniert nicht bei a;,, =
1, m=n

{—1, m+1l=n
0, else

Cauchy Produkt

2% = E/an)l . ’ E;’L:O an—jaj’ =
n 1 n

200 Jo ) = 00 s

Polynome

p r) = agr? + ag_12% + .+ ag,aq £ 0
x) = bext + ...+ by, b. # 0

Betrachtung von lim 2 E"g

e d>c:
74 > 0:>hmggn§ = 400
g <0=lim2Y = —
be q(n)
4=
op(n)
hm m = b_d
* S am)
p(n) _
lim an) = 0
Euler
e = lim, (1 + %)” (konvergiert da fallend
mit 2.2.7)
Exponentialfunktion
Betrachte > % Konvergiert Vz (Qutoen-
2"

tenkriterium). exp(z) := > &,

Mit 2.7.26: exp(z + w) = exp(w) exp(z)
exp(z) # 0 as inverse # 0 with exp(z — 2z) =
1

exp(l) := e &~ 2.718281828... = exp(z) =
exp(l+ ...+ 1) =exp(l)* =¢*

Stetigkeit Let 2o € R. exp(x) — exp(xg) =
exp(xo)(exp(x —x9) — 1) and exp(z — zg) —
1= (z— zo)

1 . With the triangle inequal-
ity and 5 < 1 we get |exp(z — zg) — 1] <

n
- 1
o Rl <50 | = =

1 = 1‘f|;f‘;‘ol. Then, for ¢ > 0, let 6 =
min({, Tonayy)- With [z — zo| < 4, we get

| exp(z) — exp(o)| < 2exp(T0) fomey =
€
b} < €

Grenzwerte von Funktionen

lima-o 2@ = lim(L(z—2+...)) = lim(1—
x<0
2
‘% +..)=1
o lim L =1
o lime® = =09
° hmx? et =0
° hm— =00
o lim 2% % = =0

Trigonometry
Corollary 4.2.8: [0,27[— R*t +—
(cost,sint) is Bijektion von [0, 27 nach K =
{(z,y) € R?2? +y* = 1}.
Proof of existence: Since 2 + y?> = 1 we
get 0 < 22 < land —1 < 2 < 1. This




means that there is a unique u € [0, 7] such
that cos(u) = z. Then, from 1 = 22 + ¢% =
cos?(u) + sin?(u) = 2 + sin®(u) we get
y? = sin?(u) wo y = +sin(u). Case 1: If
y > 0, then y = sin(u) since 0 < u < 7.
We take t = u. Case 2: If y < 0, then
y = — sinSu) = sin(27 — u). But then also

x = cos(u) = cos(2m — u) So we can take
=21 —u € [m, 27,
[ hmxﬂo is(w) == hmwa Sln(m) — 9 —
o> sin(@) o0 cos() 1

Corollary 4.2.18, Example!: /z;-- -z, <
T1+...+Th
n

We consider f(z) = —Inz with f/(z) = —1
and f"(z) = 25,z €]0,00[. Hence, f is
convex. From 4.2.14 with I =|0, 00| and
M=..=X=2weget—In(L Y7 ;)<
Sy —itInz; = —Ln(zy - - - 2,) Now we
use that exp is increasing:

log 1 log x,,

r+..+x
exp(T—I—...+ - )<= =

Example

S konvergiert gdw. [;° Tn)ﬂd

n=2 n(lnn)ﬂ
konvergiert. b > 2,2 = e*, u € [In2,Inb).

b 1 o lnb 1 u _ rlnb 1
fz z(lnz)ﬁdx In2 euyf du fln2 uﬁ‘d

Ableitungen

® X —-ex

e In'(z) = 1p(4 1.12)
e (log) ™ (z) = VA=)

",

e sin’ = cos, cos’ = —sin

o (2M) = nm

o tan'z = COSQ =1+ tan?z (4.1.93))
o cot'z = _smfx

Notice: f even (f(—x) = f(x)) = f’ uneven
(f(=z) = —f(x)) & f uneven = f’ even
.'L'2
f: R — R, f(z) = 2% Then f'(z)
2x0,Vxo € R Follows from f(x) — f(xo)
2? — 2% = (z — xo) (@ + x0) For x # x¢ then
Jim {@=f(z0) _ lim x + 2o = 2xg
r—xo

ar +b
f(z) = ax+Db f is differentiable with f'(z) =
JW)-f@) _ aly-z) _

1 1 T vz
= exp( ogazl) T exp( = xn) < SR aresin 5.2.5(4)
o1t " sin’ = cos,cosz > 0(Va €] — Z,%[) "=
& YT, < AT sin strikt monoton wachsend auf | — %, Z[ /
" sin : [—2, 7] — [1, 1] Bijektion.

_ Zeta-Funktion : arcsin : [—1,1] — [—7, §] Umkehrfunktion.
Fiir s > 1 konvergiert ((s) = 3_ 5. Differenzierbar ] — 1,1[. arcsin’y = 1~ =
Sy=1+g+5+..+5-Mithk>1,N< 1 _ 1
2k dann Sy < So. cos® v

With 4.1. 12 we know that arcsin is differen-
s 1+ 1 - 1 + 1 . tiable on | — 1,1[ and Wlthy = sinz get
2* = 3s arcsin’(y) = sin,l(z) = Cos(m) We can use

1 1 1
1+§+231+F+...
WL B S S
- 9s 9s—1 (25—1)2 (25—1)4

Folgt mit Vergleichssatz und geometrischer
Reihe

Gamma Funktion
JPate tdr = —be 4+ n [l 2" e " dx,
Mit limp_s o0 b = 0: JoSate  dr =
n fo° 2" te *dx. Es folgt: [°a"e "dx =
n(n—1). 1f0 e *dr =nl.
Konvergenzen

sin?(z) + cos®(z) = 1 = y? = sin?(z) =
1-— cosQ( ). With cos(a;) > 0 (Which holds

for [-F, ]) we get: cos(x) =+/1 —y% So,

Vy €] — 1, 1] we get arcsin (y)

l—y2
arccos
arccos : [—1,1] — [0,7]. arccos’'y =
-1
1-y2’
tan
I —
tan' v = %~
1 arctan
/ .
tan’r = - = arctan :] — o0o,oc0[—

1
14+y2°

]—5,5[ arctan’y = cos? x =

]077r[,arccot’y = —
Hyperbel & Areafunktionen

. . /
sinh z, sinh" x

cosh x, arcosh’y

——— > 0,artanh’y

exp, sin, cos sinh, cosh, tanh, ...
glatt auf ganz R
Polynome sind glatt auf ganz R

ofcos2a:da:—
ofe‘”dm—e +
o 1 dx—logx+Cm>0

o [x°dr =

o [sinxdr = —cosx+ C

e [sinhaxdz = coshx + C
. fcosmdx =sinz +C

= arcsinz + C
. fcosh xdm =sinhz 4+ C
o [ \/—dx = arsinhz + C
—dr = arctanx + C
x =e"+C

dx = arcoshz + C
0s a:z:) = Lsin(ax)

Cb»—t

Q

)=z
Let f(x )—xon[ .Let P, = {a+i-h|0 <

z'§n}w1thh—

And S(f,P,) = .. = (b — a)a +

00l (11 S0, Tim,, o0 S(f, By) = L5528 =
lim,,,~ $(f, P,) Hence, f is integrable with

b 2 2
I, f(x)de = b —a® 5.
(ir)rational
_ 1,z rational : _
= {0 imationar NUr Lebesgue differ
enuierbar.

- Let f : [0,1] — R with f(z) =

0,2 irrational or z=0
{1 _», " . . One can
PRt 2 natural numbers, relatively prime

show [ f(z)dx = 0.

COS x

j‘b sin t dt for =2 < g < b < T. We can

a cost 2 2

b b
use substitution: [, S2L dt = — [ CC‘;SS tt dt =

- fa f(cost)cos't dt with f(y) = +. Using
substitution (5.4.6) we then get f bmt dt =

cost

cos(b) 1 g log(cos(b)) + log(cos(a))

" Jeos(a) z
It follows that an antiderivative of tan(t) is
—log(cos(t)) for =5 <t < 7.

example
b>1.
o0 1
/ dr =
o l1+ax¢ 0 1—|—xa l—i—xa
1
2z < l—i—xo‘ — ma7vx > L.
example
[sin? zdz = [ (1 — cos(2z))dx
example

f% with u = ex—eQ: fmd
with v = ‘/_ f#z’;eg)dv = fv28+edv =
2 arctan(v )

example

1—cos(x
f 1+c<1)s(:c)d = f 1+cos (z) 1— cosEx;d =

f 51n2(m dr — f SCI(;;((Z)) dr = — COt( ) + sinl(z)
example

f Cos4(z)dx = f COSZ(I) Cosz(r)dl' with v =
tan(z) we get [u? + ldu = §tan®(z) +
tan(z)

example
[, sin(—a®)de = [°, ..dx + [§..dx =0
example
[tan*(x)dz = [tan?(z)tan®(z)dr =
ftanQ(x)COSZ(x —  tan®(z)dz =
ftanQ(x)COSQ(Z) —f COS%(w) dz+ [ 1dz with




u = tanz we get [u?du — [1du+ [1dz = t — arcsin(%). We get with by using ¢ €
[—5, 5], cost > 0 in the last step

example
[+ 2a2?)e"™* dx:
= [ e dx + 2a [ 22" du
x? 2 jax? 2 jax? b o 1(b
i 2a [x%e" dx + 2a [ x7e* dx /f(a:)dx:/¢( ())f(z‘)dx

a

=ze™ (@)

= ge”

Area of Half Circle
Application 5.4.7 - Iecture approach 1

Let r > 0 and f(x) =+/1r? — 22 be defined - /

on [—r,r|. Graphically, this corresponds to o7l

the half-circle above the x-axis with radius _ ¢71(b)m cr e cost dt
r. We want to compute a portion of the area o “1(q)

¢~ (b)

.

¢~1(b)

f(o()¢'(¢) dt

of that half circle, i.e., f;\/rQ — x2dx with

—r < a < b < r. We start by using a trick. cos2 t dt
That is, to use partial integration, we multiply 1(a)
by function to be integrated by 1, which we

consider our ¢’. Then we have our function as

fand g(z) = z. We get

b b To compute ﬁf cos™ t one can use cost =
/ Vr2 — a2 dr = / 1Vr2—a2dr = [l\/ﬁ&gﬁ#. — [Fok cdlﬁget cos’t =
a -4 a 2ol =2l "
= 1 cos(2t) + 5 for
= |:l\/7“ — :(72

(e”—e ’ )2 __¢€ [ e~
2 - 4
the integral we then get

L=

Now, we employ a second trick: 22 = 2?2 —
r + r using that, we get

B 1 /8 1
/ COSQ( ) dt = 5/ cos(2t) dt + 5(6 — )

[I\/ /\/ - da:—i—/ %—:ﬁ 1 28 B—a

Z/ cos(y) dy + 5
Now, we consider the special case » = 1 and 2a 2
w1th\/— = arcsin’(z) get — l{siny} n f—a
4 2c 2
08—«

—wie] - [Vidws [ dr = 3(sin(26) —sin(20)) + 7

b
= 2/ V1—22de = {:r\/l - 1:2}17 + [arcsin(x)}b
a a a
Now, one would only have to substitute o /
Thus, one antiderivative of\v/'1 — 22 is S(z) = with’gzb_l(a)/qs_l(b).y v
$(/1 — 22 4 arcsin(z)).

Application 5.4.7 - generalized lecture approach 2
Letr > 0and f(z) =vr? — 22 be defined on [...] (Some general stuff repeating the mean-
[—r,r]. Graphically, this corresponds to the ing of integral as area.) Let r > 0 and f(z) =
half-circle above the z-axis with radius 7. We |/;2°— 732 pe defined on [—r,7]. Graphically,
want to compute the area of that half circle, thjs corresponds to the half-circle above the
ie., [, 5VrZ — 22dx with —r < a < b < r. x-axis with radius . We want to compute the
Now let ¢ : [=5, 5] = [-r,7],t — r-sint area of that half circle, i.e., [" vr? — 22dx

202
We then also have for the inverse of ¢! : Now,let ¢ : [=3,5] — [—r,r],t — r - sint

Application 5.4.7

We can use 5.4.6 to get

(%)
x)dx

[ @ae= [ 5@

- / * Ho)d (Ot

\/ r2 —r2gin? trcost dt

N’l:\

=72 \/cosztcost dt

wl:!

Ascost > 0,t € [-F, 7], we getv/cos? t cost

and [" /1?2 —a2dx = r* [%: cos®t dt So,
2

now we want to compute [ 2. cos’t dt for
2

which we use partial integration with f(t) =
cost and ¢'(t) = cost. Then, g(t) = sin(t).
We use 5.4.5 to compute this integral

s
2

(cos 5 sin & — cos(~3)sin(~7)) — |

—/ sithdt:/Q
s _

jus
2

(NIE

B}

(1 —cos?t) dt

that [?. cos®t dt =
2

J2:1 dt — [2. cos®t dt From that follows
2 2

"2 cos?t dt = T Hence: [(Vr? — x2dx =
2 r

2

T2

So we see

Integration of Converging Series
Consider f(z) = =, [z[ < 1 which equals
= Y o2 x™ with convergence radius p =
1. For valid z (Jz| < 1): [5 f(t)dt

0 2:11 =z+ % + I—; + ... In the other

direction: [ dt = [— log(1 — t)} =
0

~log(1 — ) — (~log(1)) = —log(L ) =
log(72) So: log(+ )—m+””2—2+§+...

Approximation von Summen
Beispiel 1

f(z) = 2% a > 0 With [{"

a+1_1
a+1

flx)de = £

+1_1

we can approximate a sum ”a <1¢ + A+
+1
n® < % From that we get 1—— -

(a+1)

1%4..4n" ~ (n+1)2*1(a+1)
~ (a+1)natt

najll — (a+1)na+1
have —,,_,, 1 for the lower and upper bound,

As we

. a a .
we get lim,, o, 4" = 1 So, with a = e,
a+1
. e+1
e e ~ N
we for instance get 1° + ... + n° = 3

Beispiel 2

f(z) =logx, S, = log(n!). We have:

/lnlogtdt: [a:logz—:r}?

= (nlogn —n) —(—=1) =nlogn —n+1
= nlogn —n+1 <logn!

<(n+1logn+1)—(n+1)+1
logn—n+1
Because % oo 1
(n+1)log(n+1)—(n+1)+1
and mlogn—n oo 1 We
get lim,, o nllg’ggg! — = 1. So, we get n! ~
exp(nlogn —n) = (2)".
Beispiel 3
(—sint)sintdt 1 o q o q
= = / —dr< ) —
n=2 n 1 n=1 n
1 =1 a
< — <
a—1" nz::l n®  a—1

uneigentliche Integrale

1. f(z) = e ;¢ > 0 is integrable on
la, +OO[
2. f(x) = L is integrable on [1, oo if

a > 1. We have [ —dx =

3. f(z) = -5 is integrable on |0, 1] if a <
1. For example. s 1tdt = [2v1L =

2 — 2T —vs0 2

McLaurin

We want to check whether >, m ex

afl'

ists or not. So we consider [;° mdt =
fllggg; y%dy with y = logt. From an example

above we know that fﬁgg y%dy exists if and
only if a > 1.



Ableitung: Definition +
Definition 4.1.1:  f differenzierbar in zq

falls limg_ 4, %ﬂfo) existiert. Grenzwert:
[ (o).

Aquivalent/Alt.: 1/ (o) =
limp_ £t —fteo)

Tangente in x¢ : f(z) = f'(x)(x — z) +
[ (@o).

fe RD,.TO S
D Héaufungspunkt von D. Aquivalent:

1. f differenzierbar in z

2. dceR,r e RP
- f(@) = f(xo)+c(x—x0)+r(x)(2—20)
-7(z0) = 0 und 7 ist stetig in x
Dann ¢ = f’(z() eindeutig bestimmt.

. f € RP differenzierbar in
1o & 3o € R stetig in 2, f(x) = f(xg) +
() (z—x0) (Vo € D). Dann ¢(xo) = f'(20).

Corollary 4.1.5: f differenzierbar in xg =
f stetig in xg

Definition 4.1.7: f € RP differenzier-
bar in D < f differenzierbar Vo, € D
Héufungspunkt

: D Cc Raxzgy € D
Hiufungspunkt, f,g € RP differenzierbar in
Zo-.

o [ + g differenzierbar in z: (f +
9)'(z0) = f'(x0) + ¢'(20)

e [ gdifferenzierbar in xq: (f-g)'(zo) =
f'(xo)g(xo) + f(x0)g' (o)

o f(xg) # 0: L differenzierbar in xy:
(5),@0) I (wo)g(ro()woj)” (20)g' (w0)

D,E C Rz € D
Hiufungspunkt von D. f € EP differenzier-
bar in g, yo := f(2z) Hiaufungspunkt von F,
g € RF differenzierbar in 9. Dann: go f €
RP differenzierbar in 2o mit (g o f)(z¢) =

g (f(0)) f'(x0).

Corollary 4.1.12: f € EP Bijektion dif-
ferenzierbar in xg, x¢9 € D Haufungspunkt,

f’(l’o) 7é 0, f_l

stetigin yo = f(xo). Dann:

yo Hiufungspunkt von F, f~! differenzier-

barinyg : (f~

1Y (o) = pesgy-

erste Ableitung

Definition 4.2.1:
1.
2. f
3.

feRP zye D ,DCR

f lokales Maximum in zg < 36 > 0 :
f(x) < f(xo)(V €]xo — d, 20 + 6[ND)
lokales Minimum in zg < 36 > 0 :
f(x) > f(xo) (Vo €]xg — 6,20 + 0[ND)
f lokales Extremum in xq < lokales
Minimum oder Maximum in xq

: fia, b= R xy €]a,b], f

differenzierbar in z.

1. f’:cg >0:30 >0

i>f Zo), Vxexo,xo—HSf
< f(xo), VYV Elzg — 0, 20
2. f .’L‘O <0:4
%i<f Zo), Vxexg,xo—HSf
flx) > f(xg), Vo €lzg — 0,20
ales  Extremum in Ty =
l‘o)
S [a,b% —
R stetig, differenzierbar in Ja,b]. f(a) =
f(b) = 3¢ €la, b, f'(() =0
: fila,b] —
R stetig, differenzierbar in Ja,b]. = 3¢ €

Ja,b[: f(b) —
Corollary 4.2.5: f,qg:

fla) = f(¢)(b—a)

[a,b] — R stetig und

differenzierbar in |a, O]

1.
2.

3.

S~

(
J(

¢) =0,¥¢ €la, b=
¢
f
¢
C
¢

)

) = §'(¢),V¢ €la,bj= Fc €
(:c)zgg( )+ ¢,V € [a,b)

) > 0,Y¢ €la,b[= [ monoton

= f konstant

R
f/
wachsend auf [a, b]
'(¢) > 0,Y¢ €la, b=
ton wachsend auf [a, b]

f strikt mono-

. f'(¢) <0,Y¢ €]a,b[= f monoton fall-

end auf [a, b
1'(¢) < 0,Y¢ €la,b|= f strikt mono-
ton fallend auf [a, b

C3M > 0,|£(0)] € MYC €la,b[=

Vai, oy € [a,b],|far) = flzz)] <
M|J}1—$2’

g

R stetig, differenzierbar in la,b[= 3¢
(

Ja, 0, g (O)(f ()= f(a)) = F'(C)(g(b)—g(a

[a,b] —
S
).

Falls ¢/(x) # 0,Vz €Ja,b[: LO=1@) _ 10
fvg :]a’b[_>

R differenzierbar, ¢'(x) #‘ 0,Vz €la,bl.
Wenn hma:—)b_ f(fL‘) = 07hmw—>b— g(l‘) =
0 und lim, ;- f,gx) =\ existiert =
58 = lim, .- ng>) Also with
b= +00,\=+o0,xz —a’.

hmx—>b

. f € Rl differenzier-
bar in |a, b[. (streng) konvex < [’ (streng)
monoton wachsend
Corollary 4.2.17: f € RI* zweimal
differenzierbar in |a,b[. f (streng) konvex
< f">0(f" > 0) auf |a, [.

n>1,f g € RP n-mal
differenzierbar in D

1. f + g n-mal differenzierbar: (f +
)™ = f) 4 gln)

2. f-gn-mal differenzierbar: (f-g)" =
oo () /g0

Corollary 4.4.6, Taylor Approximation:
f :[e,d] — R stetig, (n + 1)-mal differen-
zierbar in |c,d[. Va €lc,d[,Vz € [e,d], 3¢
zwischen z, a :

£@) = Sp_y 220 g

)n+1

(n+1)
—a)f+ f(n+1§!<) (-

Means: Taylor polynomial good approxima-
tion for f near x

Corollary 4.4.7: n > 0,a < 9 < b, f €
R® (n + 1)-mal differenzierbar in ]a, b[.
Wenn f) = f@) = = f) =0

1. n gerade, z( lokale Extremstelle =
Ft () =0

2. n ungerade, f"*Y(zg) > 0 = o
strikte lokale Minimalstelle

3. n ungerade, f"V(x5) < 0 = a0
strikte lokale Maximalstelle

Corollary 4.4.8: f : [a,b] — R stetig,
zweimal differenzierbar in Ja, b[. a < zp <
b. Falls f'(z0) =0

1. f@(20) > 0 = w strikte lokale Min-
imalstelle

2. f@(x9) < 0 = o strikte lokale
Maximalstelle

a<b,I=/a,b

Itegrierbare Funktionen
. f,g € R beschriinkt,
integrierbar, A € R = f + g\ -
fa f * 9, ]f\,max(f, g)vmin(fa g)7 5(9(1’) #
0,Vz € [a,b]).
Corollary 5.2.2: v e d —
beschrdnkt = sup, ,c(q4 l(z) — P(y)]
SUPze[c,d] ¢(x) - infzcé[c,d] ¢(1’)

I =

Corollary 5.2.3: P, Q Polynome, [a,b|
ohne ) Nullstelle. Dann [a,b] — R,z
P(x)
Q(z)

integrierbar.

Definition 5.2.4: f € RP gleichmissig stetig
inD CR & Ve >0,30 >0,Vo,y € D :
(lz =yl <6 =[f(x) = fly)l <)

: f i [a,b] — R stetig
in [a, b]. f gleichmissig stetig in [a, b].

. f € Rl®Y stetig = f inte-
grierbar
. f :[a,b] — R monoton
= f ist integrierbar

Corollary 52.9: a < b < ¢, f € Rlod
beschrinkt, f|, und f|p g integrierbar = f

integrierbar mit [ f(x)dz = [” f(dz)dz +
Iy f(z)dz.

Definition: [
Jy (fr)dx =

f(z)dx = 0 und wenn a < b:

— J2 f(x)da



I C R kompaktes

Intervall [a,b], fi,f € R! beschrinkt

integrierbar, A\;, Ao € R
f;()‘lfl(x) +  Aaofo(x))dx =
M P fi(@)de 4 Ag [P fo()da

Ungleichungen und der Mittelwertsatz
: f.g : ]a,b] — R beschrinkt
integrierbar, f( ) < g(x),Vz € [a,b] =

2 f(x)de < [P gx)da

Corollary 5.3.2: f [a,b] — R beschrénkt
(2)de| < [ |f(2)daldz

frg =+ la,b]

beschrinkt integrierbar = ’ / ; f(z)g(x)

VI f2@)day/ [P g2 () da

integrierbar =

- R
d:c‘g

f € Rt
stetig = 3¢ € [a,b], [, f(x)dw = f(¢)(b—a)
. f,g € RIYf stetig,
g beschrinkt 1ntegr1erbar g(x) > 0,Vx €
la,b] = 3¢ € [a,b],
[z f@)g(@)de = f(O) [ g(x)de

Fundamentalsatz der Differentialrechnung

:a<b, f:]a,b] — R stetig.
F(z) = [ f(t)dt,a < x < b, stetig differen-
zierbar in [a, b] und F'(z) = f(z),Vx € [a,b]
Definition 5.4.2: a < b, f € Rl*! stetig.
f i [a,b] — R ist Stammfunktion von f < F
%ste{;[]ig) differenzierbar in [a,b], F’ = f in
a, bl.

f i [a,b] — R stetig
= JF von f (elndeutlg bis auf additive

Konstante): fa f(z)dx = F(b) — F(a)
Notation: [f(z)]” := f(b) — f(a)

a <
b € R, f,g € R stetig differenzier-
bar = [? f(x)d'(x)dx = [f(x)g(x)]} —
Jy ' (@)g(x)dw

a < b,

¢ € Rl stetig differenzierbar, ¢([a,b]) C
I C R, interval, f R! stetig =

Jie) f@)dz = [7 F(6(8)e' (t)dt

Corollary 5.4.8: ICR,f eR! a,b,ceR
m+cb+dclf”“(Mx:ﬁf@+

c)dt
- ¢ # 0,]ac,bc] C I,fff(ct)dt =
¢ Jue f(2)de

Integration konvergenter Reihen

: fo o ayb] —
R Folge beschrankter integrierbarer Funk-
tionen, gleichmissig konvergent zu f
[a,b] — R = f beschrinkt integrierbar

limy, o0 [ fo(a)dz = [ f(x)da
Corollary 5.5.2: fo o e — R
Folge beschrinkter integrierbarer Funktio-
nen so dass > -2 f, gleichmidssig kon-

vergiert auf [a,b] = >.0°, f;’ falx)ds =
S (S0 fal))de

Corollary 5.5.3 f(z) = 30 cpxk Poten-
<

zreihe mit p > 0 = V0 r < p,f inte-
grierbar auf [—r ],Vz €l—p, pl: 3 f(t)dt =
O - Cn_ n+1
uneigentliche Integrale
Definition 5.8.1: f a,o0[— R

beschrénkt und integrierbar auf [a, b], Vb > a.
Wenn limy_, [, ab f(z)dx existiert, bezeich-
nen [° f(x)dx. ” f integrierbar auf [0, co[”.
Lemma 5.8.3: f : [a,00[— R beschrinkt,
integrierbar [a, b], Vb > a

L [f(z)] < g(@)(Va > a),g(z) inte-
grierbar auf [a, co[= f integrierbar auf
[aw{

2.0 < g(x z), [° g(x)dx divergent

= [ f( )dx dlvergent

o f L o0[—
[0, 00[ monoton fallend. Zn 1 f ) kon-

vergiert < [ f(x)dx konvergiert

Definition 5.8.8: f :]a,b] — R (auf [a +
€,b],e > 0, beschrinkt und integrierbar) in-

tegrierbar < lim, o+ [ f o f(7)dr existiert.
Grenzwert: | f f(z)dx

Gamma Funktion in der Vorlesung nicht be-
trachtet

unbestimmte Integrale
f e RLT C R fstetig= [f(r)dr =
F(x) + C fur Stammunktion F.

Jf-g =
f-9—=Jf"g

J F(@(w)¢'(u)du = F o $(u)

Stammfunktionen rationaler Funktio-
nen
R(z) = Pg; J R(x)dz ldsst sich als ele-

mentare Funktion darstellen.

1. Reduktion auf deg(P) < deg(Q).

Verwende: Euklidischer Algorithmus.
2. Zerlegung in Summe von Briichen

bestimmter Formen

(a) Einfache Polynome sind bereits
bekannt.

®) [ piods — &% (with y —
br + ¢, dy = bdx) = (log(y) +
@=%®Qw+@+m

(c) must have d? — 4ec < 0,c # 0

/ ar+b
—dx
cx?4+dr+e
Yy = x—l—%/x = y—%,
dr =dy, a = ¢

(with

L)

(with

Mit f w2+1
1 log(w? + 1) & fﬁdw —
arctan(w) gelost werden.

3. Integration der Partialbriiche

Example for (b)
(2 —
f z2—1° FlI'St Iztgl_x(a;,z 11)+x:$+ rl
3

Then, 5 = Akt + o) = 2y -
T+ x%l - %9#1 Now, we can aply 2 and get:
J m;’il dr = % + log(z — 1) + L log(z +
1)+C

Example for (c)

We have [ 7 +I +7 This satisfies all require-

ments regarding the polynomial coefficients.

Notice that 22 +2+1 = (z+3)?+1—1 = (z+
1y2,3 i — pa 1 dy

5)?+3 We substitute y = 2+ and get [ pre
Then, we substitute y = @w,dy = @dw

and get @ S/ %(wiﬂ) dw So we get this and

dz _ V34
z24z+1 — 2 3

resubstitute: [
2 2y 2

\/gdl"Ctdn(\/g) = \/garctan(\/—(er )
(c) w/o condition example Concept, not en-
tirely correct.

/ ar +b d
— dz
J cx? +dr+e

/ r+1
= | ———dx
22 4+ 4x + 2

withy =2+ 2,dy = dx

arctan( ) =

y—1

= d
/y2—2 4

1 y—1
=3 )1 2W

2

Y
with w = ==
V2
1 wv2—1

= — 71—&12 dw

%

E

:1/1_% /1—

1
= [ —%dw+ —=tanh ! (w)

2) 1—w? V2
1 2 1 -1
=3 In(1 —w?) + ﬂtanh (w)
1 Y 1 -1/ Y
= (In(1- L)+ —tann (L
5= 2+ T ()
In(1— =425 2
= a 2 )+—tan1_1(x+ )
2 V2 V2



